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Abstract 

The coupling of a string to gravity allows for Schwarzschild black holes 
whose entropy to area relation is S = (A/4)(l — 4//), where g is the 
string tension. This departure from the A/4 universality results from 
a string instanton generating a black hole with smaller entropy at a 
temperature exceeding the Hawking value. The temperature is sensi¬ 
tive to the presence of classical matter outside the black hole horizon 
but the entropy is not. The horizon materializes at the quantum level. 
It is conjectured that such a macroscopic non local effect may be op¬ 
erative in retrieving information from incipient black holes. 
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1 Introduction 


In absence of back reaction, an incipient black hole of mass M emits a thermal 
flux at the Hawking temperature given by [Q] 

f3H = SttM. (1) 

The flux is hltered by the centrifugal barrier and consists predominantly of 
low angular momentum quanta which have leaked out and escape towards 
inhnity. 

To study the thermodynamic properties of the black hole, one may con¬ 
sider, instead of its irreversible evaporation, reversible exchanges between the 
black hole and surrounding matter in a state of thermal equilibrium. Assum¬ 
ing that M is equal to its thermodynamic energy E, one may characterize 
such exchanges by 

dS = fdndM (2) 

where S is the black hole entropy. This gives, up to a constant of integration, 
the Bekenstein-Hawking @] area entropy namely 

( 3 ) 

where A = is the area of the event horizon. 

The entropy Eq. (H) is independent of the particular collapse and is there¬ 
fore expected to be a genuine property of the Schwarzschild background ge¬ 
ometry. To display this property, it is convenient to extend maximally the 
original Schwarzschild metric. The extended metric describes an “eternal” 
black hole which is time reversal symmetric and is therefore suitable for de¬ 
scribing thermal equilibrium. This extension introduces, in addition to the 
dynamical regions separated from the Schwarzschild static patch by future 
and past horizons, a copy of the original Schwarzschild patch. When referring 
to a Schwarzschild background, we shall always mean the original patch. 

To understand how entropy can hide in the geometry, we first recall that 
to compute thermal correlation functions and partition functions in field 
theory in flat Minkowski space-time one can use path integrals in periodic 
imaginary time. The period (3 is the inverse temperature and can be chosen 
freely. This method was generalized to compute matter correlation func¬ 
tions in static curved backgrounds. For the Schwarzschild background, the 
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analytic continuation to imaginary time defines an Euclidean manifold every¬ 
where except at the analytic continuation of the horizon, namely the 2-sphere 
at r = 2M, M being the black hole mass. This ambiguity is usually removed 
by assuming that the Euclidean manifold is regular at r = 2M. The Eu¬ 
clidean black hole obtained in this way has a periodicity f3 uniquely dehned 
in terms of the black hole mass. The relation is (3 = StiM and gives back the 
temperature of the Hawking radiation Eq. (®. 

Gibbons and Hawking extended the analytic continuation to the grav¬ 
itational action, restricting the hitherto ill-dehned path integral over metrics 
to a saddle point in the Euclidean section. To constitute such a saddle the 
Euclidean black hole must be regular given that a singularity at r = 2M 
would invalidate the solution of the Euclidean Einstein equations. The par¬ 
tition function evaluated on this saddle is interpreted as , where /3 is 
equal to jSn and F the free energy of the background geometry. This yields 
back the Bekenstein-Hawking area entropy Eq. (^). 

The Gibbons-Hawking procedure gives the expected thermodynamic re¬ 
sults but its justihcation is not obvious. Were it not for the saddle condition, 
the functional integral over metrics would formally amount to a computation 
of a partition function. However, not only is the Euclidean functional inte¬ 
gral over all metrics meaningless but the partition function of the canonical 
ensemble for a black hole whose density of states would be given by the ex¬ 
ponential of the entropy Eq. (j^) does not exist because of the divergence at 
large masses. Glearly, this divergence is cut off by the saddle and we shall 
give a thermodynamic argument to justify this procedure. 

The saddle prescription can be used to show that the relation Eq. o 
between the temperature and the black hole mass is affected by classical sur¬ 
rounding matter but that the entropy remains unchanged and is still given 
by Eq. (^. This value of the entropy seems therefore to depend only on 
the black hole mass. This is not the case. A different relation between en¬ 
tropy and area emerges when a conical singularity is present in the Euclidean 
section at r = 2M [Q. 

Many authors 0 B 0. B B pm] have introduced a conical singularity 
at r = 2M. This modihes the Euclidean periodicity of the black hole and 
therefore the temperature. However if the source producing this singularity 
is not taken into account, the Euclidean black hole solution is not a saddle 
point of the functional integral and such a procedure cannot be used to hnd 
the thermodynamic properties of the background. A true Euclidean saddle 
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point can nonetheless be maintained by introducing a string term in the 
action. The string is treated in hrst quantization. One may interpret this 
as a fundamental string term or alternatively as a thin vortex limit of a 
Nielsen-Olesen flux tube in the spontaneously broken phase of a held theory. 
The conical singularity arises from a string “instanton” wrapping around 
the Euclidean continuation of the horizon and the associated dehcit angle 
is determined by the string tension. The temperature varies continuously 
above the Hawking value as a function of the string tension but, as shown 
in reference [Q, it now necessarily entails a variation of the entropy versus 
area ratio: this ratio takes value in the interval [0,1/4], the lower limit being 
approached when the cone degenerates. 

In this paper we generalize this result and discuss its signihcance. In 
Section ^ we review for completeness the results of reference [Q . We intro¬ 
duce by hand a Nambu-Goto string in the action and require, as a working 
hypothesis —to be justihed in the Section — that the Schwarzschild black 
hole solutions analytically continued to imaginary time satisfy the Euclidean 
Einstein equations. This requirement Exes uniquely the Euclidean periodic¬ 
ity in terms of the string tension for a black hole of mass M in the presence of 
a Euclidean string “instanton” wrapped once around the horizon. We then 
give the modihcation of the relation between entropy and area resulting from 
the change in periodicity induced by the string. This comes about because 
the product of the temperature and the entropy, a purely classical quantity, 
retains its traditional Schwarzschild value independently of the string ten¬ 
sion. In Section ^ we show that, at fixed string tension, the relation between 
entropy and area in presence of the string instanton is, in contradistinction 
with the temperature, insensitive to the introduction of classical surround¬ 
ing matter. In Section ^ a thermodynamic argument is presented to justify 
the working hypothesis used throughout the article. It leads to the neces¬ 
sary introduction of the string if the Euclidean periodicity is chosen to be 
different from its conventional value. It also Exes the value of the string ten¬ 
sion to be given by the Euclidean saddle constraint. We then confront the 
problem posed by the existence of several Euclidean saddles, namely those 
arising from conEgurations with and without a string wrapping once, and 
possibly many times, around the 2-sphere r = 2M in the Euclidean section. 
We conclude that while the no instanton solution deEnes a stable black hole 
with minimal temperature and maximal entropy A/4, the other solutions 
correspond to thermodynamically distinct overheated black holes with lower 
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entropy. In Section ^ we show, in a simplified model, that the string in- 
stanton induces on the horizon, in the Lorentzian background, singularities 
in the energy-momentum tensor of quantum fields at the loop level. This 
amounts to a materialization of the horizon at the quantum level. We argue 
that a similar situation may arise for incipient black holes and we suggest 
that such a non local quantum effect may play a crucial role in retrieving the 
information hidden by, or stored on the horizon. 


2 The String Instanton 


The Lorentzian action for gravity coupled to matter fields is taken to be 

1 r 1 


/ = 


IbTT 


/ \Ah^+ 

JM ^ StT JdM ^ 


matter • 


(4) 


Here \f\^\R is the usual Einstein-Hilbert action, K is the trace of the 

extrinsic curvature on the boundary dM of the four dimensional manifold 
M, and h the determinant of the induced metric. 

The introduction of the iL-term requires explanation. We will justify it 
briefly and refer the interested reader to the recent detailed discussion of 
Hawking and Horowitz |M. The Einstein-Hilbert action contains second- 
order derivatives of the metric. If the system evolves between two non inter¬ 
secting spacelike hypersurfaces these second derivative terms can be trans¬ 
formed by partial integration into boundary terms on these spacelike surfaces 
and on timelike surfaces. Explicitly these boundary terms stem from the in¬ 
tegral of the four-divergence where 


= 


IGtt 




(5) 


Their contribution to the action Eq. is cancelled by the iL-term. The 
absence of boundary terms on the spacelike surfaces is necessary for the 
consistency of the Hamiltonian formalism. However, for the asymptotically 
fiat spaces considered here, the iL-term introduces divergences at spacelike 
infinity. These can be removed by subtracting from Eq. a K-ieim. at 
infinity in fiat space. It can then be verified that the subtracted action 


I-h = 


IGtt Jm 


■Mr 


- f 

StT JdM 


M\K 
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+ ^ [ \/\ho\Ko + Imatter ( 6 ) 

StT J{dM)oo ^ 

yields the correct ADM mass as the on-shell value of the Hamiltonian. The 
action Eq. (^) can now be written as a Hamiltonian action and the path 
integral over metrics can be formally dehned. 

We will consider a system where the matter is an elementary Nambu-Goto 
string. Its action is given by 


^matter 


= I. 


string 



(7) 


where /i is the string tension and 7 is the determinant of the induced metric 
on the worldsheet: 

'labiz) = g^^{z)daZ^dbZ''. ( 8 ) 

In the presence of a string, the Lorentzian Einstein equations still admit or¬ 
dinary black hole solutions corresponding to trivial string solutions spanning 
zero area. The continuation of these solutions to imaginary time is given by 
the metric 


ds^ 





dr'^ + r‘^dVt^ 


(9) 


for r > 2M. To determine the Euclidean manifold at r = 2M we impose 
the Euclidean Einstein equations. As discussed in the Introduction, the free 
energy will then be computed on the saddle of the Euclidean action. 

The action Eq. with matter term Eq. ( 0 ) can be extended to Euclidean 
metrics. The subtracted Euclidean action reads 


-T^ [~ V9R+^ [ ~ 

lOTT Jm OTT JdM 

^ Jh'oKo + iJ, [ d'^a^. 
StT J{dM)oc ^ J 


( 10 ) 


Here the world sheet has the topology of a 2-sphere. Because the Euclidean 
black holes Eq.J^ have only one boundary, namely at inhnity, we must 
take dM = {dM)oo in the A'-term. The ifo-term subtraction has to be 
performed with the extrinsic curvature in flat Euclidean space. The inde¬ 
pendent variables in Eq. (p!0[) are the components of the metric and the 


6 






string coordinates z^. The variation of the action with respect to g^i, gives 
the Euclidean Einstein equations: 

R^lv{x) - ]^gt,u{x) R{x) = 87iTf,^{x) (11) 

where 

= -/i / d^a^'y^^daz^dbz''^^6\x - z). (12) 

yaiz) 

Variations with respect to z'^ give rise to the stationary area condition for 
the string. 

The Einstein equations Eq. ( pTl) admit ordinary Euclidean black holes 
solutions corresponding to trivial zero string area. However the topology of 
the Euclidean manifold allows for a non-trivial string solution with minimal 
area which wraps around the continuation of the horizon r = 2M. All 
solutions are correctly described by the metric Eq. (^ but the non-trivial 
one has a curvature singularity at r = 2M. To analyze its structure, we write 
the metric in the vicinity of the horizon in terms of the proper radial length 
^ at hxed time t 



dr = d^ 


.^ = 0 at r = 2M, 


which gives to order 





+ d^^ + r^dn\ 


(13) 


(14) 


The Euclidean space is regular at r = 2M when the periodicity of t is 


Ph = SttM (15) 

and hence when it coincides with the inverse Hawking temperature of the 
thermal flux emitted by the incipient black hole Eq. (P. This periodicity is 
modihed by the presence of a string wrapped around the horizon. The trace 
of Einstein equations Eq. O gives 

y/dR = 167r/iA, (16) 


7 






where A, the area of the string, is equal to the area of the two sphere at 
r = 2M. The entire contribution to the integral comes from the string 
singularity. To evaluate / ^/gR when R is zero everywhere except on the 
horizon, one can consider a tubular neighborhood 8“^ x oi r = 2M, of 
radial length e, and let e tend to zero0, |^. This gives 

f ^R^Af (17) 

The Euler characteristic of the disc topology is y = 1. It is given by 

For a curvature singularity at the origin with 

si = 


we hud, from Eq. (|^, 

— y/hK = 27r(l — rj). 


( 20 ) 


This signals the existence of a conical singularity with dehcit angle 27rri. 
Comparing Eq. ( pTl) and Eq. (O), we then conclude that the string gives 
rise to a dehcit angle 

V = 4/i. (21) 


This is the sole effect of the string instanton. From the explicit form of the 
Schwarzschild solution given in Eq. (p!4D , we see that the periodicity of t has 
become: 

/3 = /3h (1-4/i). (22) 


The string instanton has raised the global temperature from to 

We now evaluate the free energy of the black hole. The contribution of 
the string term to the action Eq. dl) exactly cancels the contribution of the 
Einstein term as seen from Eq. ([I^). The boundary terms at asymptotically 
large r = r^o are thus the only ones contributing to PP. Using Eqs. (|]) and 
(H) we hnd 


StT JdM={dM)^ 



(23) 
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The subtracted term is computed similarly in the flat metric 

2 M' 


ds^= 1- 


- ) dt^ + dr^ + 

Too J 


(24) 


where t has the periodicity jS given by Eq. (^). The subtraction term is 


Svr J{dM)a 

The free energy is given by 


1 r !— / 2 M \2 

— I ^,Ko = -f3r^(l - 

Svr J(dM)oc \ Too / 


F{p, H) = P - lo)saddle = 


M 


(25) 


(26) 


Note that the free energy has the same value it had in the absence of the 
string instanton. However the thermodynamic potential F is now a function 
of P and the external parameter /r. The entropy is given by: 


Using Eq. 


a/3 


we And 


p^ dM 

T W 


P^ 


167r(l — 4/r) 


S = (1-4^4 


(27) 


(28) 


This was the central result of reference IQ. The introduction of the exter¬ 
nal parameter /r has enabled us to define a black hole with fixed mass M 
at a temperature other than the usual Pjj^. When the temperature is not 
the Hawking temperature, the entropy changes from A/A to Eq. (|25|). It 

that the product of the entropy and the 


follows from Eq. (^2]) and Eq. 
temperature is constant for a given mass, independent of the string tension 


r‘s = /3ysH = ^. 


(29) 


where Sh = ^4/4. 

To complete the thermodynamic analysis, we first verify using Eqs.( 
and ([26|) that the energy of the solution is unchanged by the presence of the 
string instanton: 


£; = F + r‘S=y + /3H‘| = M. 


(30) 
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We immediately conclude from this equation that the identity 


dM = Pi/dS 


3-1 


H 


= (3 ^dS + (3 '^Adn, 


(31) 

(32) 


is nothing but an expression of the hrst principle of black hole thermody¬ 
namics in the presence of a string. 

The area entropy of an eternal black hole can thus vary from the standard 
value y4/4 to 0 as a function of the string tension. All these black holes differ 
only by the instanton effect. One cannot distinguish them by their mass or 
even by their Lorentzian metrics. They differ through quantum effects, not 
in classical quantities such as M/2, the product of and S. Indeed the 
temperature is proportional to h while the entropy is inversely proportional 
to h. In this sense the instanton provides a quantum hair P, ^ which affects 
the expectation values of operators outside the horizon. Quantum effects will 
be further analyzed in Section ^ 

The above result rely crucially on the working hypothesis that the free 
energy of the Schwarzschild background is obtained from the saddle of the 
Euclidean functional integral at analytically continued solutions of the Ein¬ 
stein equation dehning the Lorentzian background. We have also assumed 
that continuations corresponding to different instantons, and in particular to 
the trivial one with jS = (3 h, generate distinct black holes. The discussion 
of the validity of these assumptions will be the object of Section Before 
confronting the issue however, we shall establish the general nature of the 
entropy Eq. (^) emerging from this working hypothesis. 


3 The Black Hole in Presence of Classical 
Matter 

We now show that the entropy Eq. (^) is a genuine property of the hori¬ 
zon. Indeed we shall prove that this result is not affected by classical static 
matter outside the horizon. Classical surrounding matter does change the 
temperature but does not affect the entropy. 

We surround the eternal black hole by a static and regular distribution of 
matter which is a spherically symmetric solution of Einstein equations for a 
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coupled gravity-matter system. The new matter action in Eq. (^) now reai 


^matter 


= I 


string 


+ I'r, 


matter * 


(33) 


For r > 2M, the Euclidean metric solution of the Euclidean Einstein equa¬ 
tions is given by 

= gudt^ + grrdr'^ + r'^dVt^ (34) 


with 

9tt{r) 


fi'rr(r) 




exp 


/ oo 

(-THr')+T;{r')yg„{r')dr' 



(35) 


where ^ 

M{r)=M+[ 47rr'2(-T/(r'))dr', (36) 

J2M 

and M is still the black hole mass. The regularity condition characterizing 
the matter is —T/(2M) -|-T^(2M) = 0. We parametrize again the metric in 
the vicinity of the horizon in terms of the proper length ^ at hxed time t. 
Noticing that gu = we find 





+ di^ + r^d^f 


(37) 


where in general 


A(0 



2 i.9ttgrr) 


1 dgii 
dr 


(38) 


This equation replaces Eq. ([T^ ) in the presence of matter. The deficit angle 
engendered by the string is still given by 2nri = Svr/i since the matter distri¬ 
bution, which is regular, affects Eq. (O) only to order and hence vanishes 
in the limit e —0. The inverse temperature of the black hole surrounded by 
regular static matter thus becomes 


/3 = /3rf„^(l-4/i), (39) 

®The possible instabilities in the static matter distribution can always be compensated 
by external forces. 
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where 


— 


2ti 

MO) 


( 40 ) 


is the Hawking inverse temperature in the presence of matter (see for instance 
references \\2^ SH)- 

We now compute the free energy from the Euclidean action. The new 
subtracted Euclidean action can be evaluated on the solution of the equations 
of motion 

^ ^/gR + h / 


T' - T' - 
1 ^0 — 


Ibvr JMe 

1 r 


Ibvr JM\Me 


'/gR + 

(y/hK 


T' 

matter 




o I ~ \ ’ — V -U--U / (41) 

STT J{dM)oo \ ^ J 

where M denotes the Euclidean manifold of the solution and x is 

a tubular neighborhood of the horizon of length e. The hrst two terms in Eq. 
(^TD cancel each other as e —0 while I'^natter equal for this static solution 
to (3H'^eitter where is the Hamiltonian constructed from I'matter- Th® 

surface terms 

(42) 


— ( {^K-^,K^=I3 

StT J(dM)^ \ ^ ) 


l{dM) 

are obtained by substituting in Eqs. 
Thus Eq. (IP yields 

1 


and (IP M by = M(roo). 


F = 


VgR 


H' I 

matter 


M 


tot 


(43) 


16ir 2 

where the t-subscripts indicate that the integrals are carried over the three 
dimensional static domain obtained by intersecting M\Mg by a constant t- 
plane. In order to obtain a simpler expression for F, we start from the 
Hamiltonian constraint, integrated over 

1 




■' = n (AA'] 

-r~ \ ^ • —matter ^ \ J 

lOVr J(M\Me)t 

where is the three dimensional curvature of {M\M^)t. Expressing 
in terms of i?, 


1 


Ibvr J{M\Me), 


{s/gR - Vs 


STT J(M\Me)t 


di y^^^gg'^djg^t (45) 
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where Qij is the metric tensor of the three surface, we recover the integral 
mass formula |T^, |^, |^, 

Mtot 

4 ~~ 


y/gR + hIj 


+ A 

matter ' f^Hm 


V’ —matter ' i~ nm a o 

lOTT J{M\Me)t 4 2 

The free energy is then obtained by comparing Eqs. ( ^31) and 

F = Mtot — 


= 0 . 


(46) 


(47) 


To compute the entropy, we need to take the variation of F, hence the vari¬ 
ation of Mtot- Our starting point will be the integral mass formula Eq. (|46|). 
Notice that its form is identical in the Euclidean or Lorentzian formulation. 
In the latter case the integral is carried over a three dimensional static do¬ 
main which is the same as in the Euclidean case. We thus skip the “tilde” 
notation and consider the formula in the limit e —> 0 



We now vary Eq. (|48|) along the space of spherically symmetric static solu¬ 
tions |I^ , . We multiply Eq. ( |48|) by a hnite time interval At and replace 

by —/(riaiter- ^lie Variation of the two hrst terms in the hxed £- 
nite time interval vanishes on the space of solutions except for the boundary 
terms of the Einstein-Hilbert action and for the variation of external non- 
gravitational parameters in the matter action. The former is: 



167rAt Jm 
^-{2M)^6X{0) 


1 




2 

A 


'-F6A + r(-gtt)^Sgr 




5M. 


tot 


(49) 


The evaluation of the right hand side of the above equation is straightforward 
using the proper length variable In Eq. (|49|), A(0) is given by Eq. (|40|) and 
-^(^oo) = Mtot/rl^ is evaluated using Eq. (|38|) . Inserting Eq. (|49|) in the 
variation of Eq. (^8[), gives the differential mass formula |]^ in the form 


12, 13 


5 A 

^Altot = f^Hrn~^ - 1 “ 6oT.tHi 


ext-n. matter" 


(60) 
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Here 5extH'^atter 


results from the variation of all parameters in the matter 


Hamiltonian outside the horizon. Using now Eq. (M), and taking the vari¬ 
ation with respect to (3 with the other external parameters kept hxed, we 
hnd 






^ 4 






= (1 




( 61 ) 


We hnd that the entropy of the black hole, as in the absence of classical 
surrounding matter, is given by Eq. (|^). The generality of this result shows 
that the area entropy in presence of a string instanton is independent of the 
classical matter content outside the black hole. This result is consistent with 
the fact that there is no tree level contribution to the entropy of the matter 
outside the black hole. Eq. generalizes to 


f3 


(52) 


By performing a Legendre transform, we hnd, as before, that the energy of 
the solution is unchanged by the presence of the instanton: 


E = F + (3-^S = Mtot. 


(53) 


4 The Significance of the Euclidean Saddle 

As stated in the Introduction, the canonical partition function summed over 
all black hole conhgurations diverges if the exponential of the area entropy is 
identihed with the degeneracy of the corresponding black hole background. 
The elimination of the divergence by restricting the summation to the saddle 
contribution of the Euclidean action is not an a priori legitimate proce¬ 
dure. In this Section we shall hrst give a thermodynamic justihcation of the 
saddle prescription. We will then recall how the instability arising in 
the canonical ensemble approach is avoided in the microcanonical ensemble. 
It will then be clear that black holes of the same mass but with different 
Euclidean sections have to be considered as thermodynamically distinct. 

We hrst prove that the saddle prescription follows from thermodynamics if 
we assume that Mtot represents the thermodynamic energy and that the black 
hole generates entropy. Namely, we show that these assumptions require 
the introduction of an external parameter in the action (the string tension) 
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when the temperature departs from the value and that the Euclidean 
periodicity must then be constrained by adjusting the Euclidean background 
to be a solution of the Euclidean equations of motion. 

We start from the differential mass formula Eq. (|^ : 

8 A 

SMtot = + ^extH'^atter- ( 54 ) 

It is important to realize that the derivation of this identity involves only 
classical physics, is completely independent of any boundary terms which 
were added to the Einstein-Hilbert action, and does not appeal to Euclidean 
continuation. 

If the system can be thermalized at an arbitrary temperature the 
second term in the last equation can be rewritten as 

^extH— (3 8Smatter + (55) 

i 

The last term is the work done by the variation of the macroscopic parameters 
Aj in the action. The hrst term, where Smatter is the matter entropy, would 
arise if some averaging over “microscopic” parameters had been performed, 
and is included here for the sake of generality. Notice that the volume is 
not a parameter but a dynamical quantity determined from the equation of 
motion. Inserting Eq. (^) back into Eq. (Q) we get 

SA 

5Mtot = I^Hm^ + ^SSmatter + X! 'matter^ (56) 

i 

In order to interpret Eq. ([5^) as an expression of the hrst principle of ther¬ 
modynamics we need the Bekenstein assumption ^ that the black hole con¬ 
tributes to the entropy. This assumption forces us to rewrite the hrst term 
as 

8 A 

= r'SSiK + E XiSXi (57) 

i 

where Xj are generalized forces. Writing the temperature as {3 = — 

one gets 

8 A A 

/38,l— = /3-^8S,, + /3-^j8rj, (58) 
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and 


(69) 


^Sti, = 6 j(l - r/)j . 

Comparing Eq. (^) and Eq. (|58D , we learn that rj mnst be an external 
parameter contained in the list {Aj}. The inverse temperatnre (3 is eqnal 
to the period of the Enclidean continnation and 2nri is therefore the deficit 
angle of the Enclidean manifold. Since the integral mass formnla is valid 
independently of the valne of the deficit angle, we must have dr^H' = 0. Had 
we not introduced a string term in the action we would not have been able to 
include rj in the set {Ai}. The first principle would remain valid only at one 
value of the inverse temperature namely (3 = jSHm- In this particular case we 
recover of course all the known results. If, however, we introduce the string, 
T] must be a function of the string tension jj,. 

We now show that thermodynamics imposes that this function be hxed 
by the Euclidean equations of motion. It is obvious that the static matter 
outside the horizon satishes the Euclidean equations. What remains to be 
proven is that these are also verihed at the Euclidean continuation of the 
horizon. We stress once more that Eq. ( |5^) is classical and that each term 
must be independent of h. Since the temperature has been seen to be pro¬ 
portional to h, it follows, as expected, that SSmatter vanishes along the space 
of classical solutions. Thus if the integration constant of the entropy is zero, 
the free energy of the system is 

F = Mtot-r^Skh 

= Mtot — (3H]n~^- ( 60 ) 

The same value for the free energy Eq. (^7]) was deduced from the saddle 
point evaluation of the Euclidean action thereby hxing the value 77 = 4/r as 
in Eq. (^). If we had evaluated the free energy off-shell, we would not have 
been able to express the free energy in terms of only surface integrals and 
we would not have recovered the result Eq. (^). Note also that the value 
of the generalized force appearing in Eq. ( [58|) coincides with the one 

in Eq. (^) obtained from the functional integral and is not affected by the 
surrounding matter. 

We now examine the consistency of the thermodynamics arising from the 
Euclidean saddle with the statistical interpretation in the micro canonical 
ensemble. Consider a system composed of gravity and matter helds. The 
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classical solutions of the equations of motion define backgrounds for matter 
and gravitational quantum fluctuations. We shall neglect the latter and the 
backreaction of the matter held huctuations on the geometry. We consider, 
within a hnite volume V, spherically symmetric backgrounds with a black 
hole of mass M dressed by a string instanton. The total entropy is a function 
of the total energy E and of V. We write the total Hamiltonian as if = 
Hg + ^Latter + ^Latter where Hg is the Hamiltonian of gravity and 
is the Hamiltonian characterizing the huctuating matter. Using Eq. (pSD the 
total entropy Stot of the system can be expressed as 


expStot = Tt6{E - H) 

r-\-oo T+OO 

= / dM / dt exp [it E + 47rM^(l — 4/i) — it 

Jo J —oo 


(61) 


/o 


+ CXD r + OQ 

dM / dt exp [it E + 47rM^(l — 4/i) — itMtot — itFf{it)] 

J — OO 


Here, the trace over matter states dehning the free energy Ef is taken in a 
background characterized by the black hole mass M and the on-shell mass 
value Mtot of the Hamiltonian Hg + fimauer- Evaluating the t-integral by the 
steepest descend method gives 

expS'tot = / dMex^[l3fE + - PfMtot- ldfEf{l3f)] 

JQ 

I' + OO 

= / (iMexp[47rM^(l — 4/i)-|-S'/], (62) 

'J 0 


where /3/ is determined by the equation E — Mfot — ^PfiPfEj) = 0. S'/ is the 
entropy of the fluctuating matter in the thermodynamic limit of large E and 
E — Mtot of order E. The saddle is a good one because the specihc heat of 
the fluctuating matter is positive. Stot is hnally evaluated by taking in Eq. 
(|6^ the saddle in the M-integral. The saddle condition is: 


Equivalently, 


dSf OMtot 
dMtot dM 


-|- 87rM(l — 4/i) = 0. 


dS 

+ 87rAf(l - 4p) = 0, 


(63) 


(64) 
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where we used in Eq. (Q) the differential mass formula Eq. (|5^). The Eq. 
(M) gives the equal temperature condition 


dSf 

dM^t 


Pf = — 4/i). 


(65) 


One easily verifies, when Hl^atter describes a relativistic gas in absence of 
classical surrounding matter, that the saddle over M is a maximum when 
the Hawking condition |M, M > (4/5)E, is satisfied, independently of the 
value of p. This saddle approximation is thus valid in the thermodynamic 
limit and the pathology of the canonical ensemble is avoided. We surmise 
that this remains true in general for regular distribution of matter. 

Up to now, we have only considered string instantons which wrap once 
around the Euclidean 2-sphere r = 2M. The saddle point argument in 
the microcanonical ensemble gives back the temperature obtained from the 
saddle prescription in the canonical partition function. This confirms that 
the configuration with a string instanton has a well defined temperature 
different from the Schwarzschild black hole in the absence of string. One 
should consequently treat it as a distinct thermodynamical configuration 
with a lower entropy and higher temperature. One may also generate multi¬ 
wrappings. These come about by mapping the world sheet, which was taken 
to have the topology of the sphere, onto an n-fold covering of the 2-sphere 
r = 2M. Again, their temperatures, as given by the saddle point in the 
microcanonical ensemble, are distinct and define distinct thermodynamical 
configurations. It is easily verified that the entropy associated to an n-fold 
covering is 

Sn = (-4/4) (1 - 4n/r). (66) 


At this stage however, one should question the physical relevance of the latter 
result. Although these solutions are legitimate for free strings introduced in 
our action Eq. (pT[) , such n-fold coverings is expected to render the result 
Eq. (|BB[) sensitive to interactions. 


5 Quantum Matter on the Horizon 

The string instanton at r = 2M in Euclidean space does not alter the classi¬ 
cal Lorentzian black hole background which remains regular on the horizon. 
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However dramatic effects occur at the quantum level. To illustrate these we 
consider the toy model consisting of the s-wave component of a free scalar 
held propagating on the Schwarzschild geometry and we neglect the resid¬ 
ual relativistic potential barrier. This amounts to consider a 2-dimensional 
scalar held propagating on the radial subspace of the 4-geometry. We shall 
see that the string instanton induces, in an inertial frame, a singularity in 
the vacuum expectation value of the scalar held energy-momentum tensor on 
the horizon. 

We parametrize the 2d-background using the light-like tortoise coordi¬ 
nates dehned by 

u = t — r*, v = t + r*, (67) 

where 

, 2M ^ ^ ^ , 

dr = (1 - )dr , r = —oc at r = 2M, (68) 

r 

and 


ds^ = 
exp(2p) = 


— exp(2p) dudv, 


(69) 

(70) 


We compute now the expectation value of the energy-momentum tensor 
of the scalar held using the trace anomaly |^, Note that in the 2- 


dimensional approximation the energy-momentum tensor of the quantum 
held is related to the 4-dimensional one by = 47rr^T^j,. Since in what 
follows, all the quantities are two-dimensional we shall drop the superscript 
( 2 ). 

The trace anomaly equation (T) = —i?/247r yields in the metric Eq. (|69|) 


From Eq. 


{Tuv) — 


127r 


dud-up. 


([7T|) and from the conservation law 


= 0 


one gets 


{Tun) = 

1 

M 

2M, 

m2 

127r 


— 

r 

4r^ 

{Tvv) = 

1 

r M, 

2M 

m2 

127r 


r 

4r^ 


+ *«(«) 

+ K{v) 


(71) 

(72) 

(73) 

(74) 
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where tu{u) and are respectively arbitrary functions of u and v. 

The usual Hartle-Hawking vacuum is characterized by the regularity of 
on the past and future horizons in a local inertial frame. The latter 
can be parametrized by Kruskal coordinates U and V dehned by 

U = -AM\e-^ (75) 

V = 4MA“^e3^, (76) 


where A is an arbitrary boost parameter and 1/ = 0 and V = 0 corre¬ 
spond respectively to the future horizon and the past horizon. Regularity in 
the {U, V) frames implies that (Tuu) and (T^^) vanish on these horizons like 
O (^(1 — ^)^). This condition determines the arbitrary functions tu{u) and 
t^{v) to be constants and equal to 


TT 


1 


12(8irM)2' 


(77) 


The tu term represents from Eq. ([73D the outgoing flux as r —>■ cxo and 
the term represents from Eq. {74) the ingoing flux as r —»• oo. Both of 
them together correspond to thermal equilibrium with the background at the 
Hawking temperature Ph = SttM. 

When the string instanton is present, the temperature gets modihed ac¬ 
cording to Eq. (1^). We may then characterize the new vacuum by taking 


tu t^ 


TT 


12 (87rM(l - 4p))^ 


(78) 


Using Eqs. (|73|) , (|7^ , (|78|) and the coordinate transformation Eqs. 
we see that, in the local inertial frames, the components of the expectation 
values of the energy-momentum have singular parts on the horizons. They 
are given by 


rpsing 

-‘■uu 


rpsing 

-‘-vv 




1-2/i 

GttU"^ (1 — 4/i)2 

/i 1 — 2/i 
GttU^ (^1 _ 4^)2 


(79) 

(80) 


Eqs. (^) and (^) translate the fact that singularities occur on both hori¬ 
zons when thermal equilibrium in the Schwarzschild background is realized 
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at a temperature different from the Hawking one. This feature should persist 
in more realistic four dimensional computations. Thus the string instanton 
amounts to a materialization of the horizon at the quantum level. Such a 
materialization constitute a non local effect whose origin can be traced to 
the non locality of the string. 

The material horizon appears here as a property of quantum helds in 
thermal equilibrium in a black hole background. However a material fu¬ 
ture horizon could also emerge from the thermal radiation emitted from an 
incipient black hole. The point is that in four dimensions, the centrifugal 
barrier maintains thermal equilibrium in the vicinity of the horizon and 
the Hawking radiation may be viewed, even in the conventional derivation, 
as a tiny disturbance from equilibrium due to the escape of the low angular 
momentum quanta out of the centrifugal barrier. This departure from ther¬ 
mal equilibrium becomes, close to the horizon, vanishingly small. Indeed, 
there, the local temperature tends to inhnity and the fraction of angular 
momentum modes able to overcome the barrier becomes of zero measure 
[p^ . Of course in the original derivation from local held theory, the global 
temperature describing this local equilibrium has the Hawking value Eq. o 
and no singularity will appears on the future horizon. But the huge en¬ 
ergy huctuations in vacuum close to the horizon renders local held theory 
vulnerable to Planckian quantum gravity ehects. Taming these huctuations 
by back reaction may require new elements such as those contained in the 
string theory approach and this might lead to materialization of the hori¬ 
zon. Such a phenomenon could have important consequences for solving the 
unitarity problem posed by black hole evaporation. In fact if unitarity is 
to be preserved in our universe, as suggested by ’t Hooft 0. some kind 

Hi, phi. The fact that the 


of materialization appears unavoidable 
materialization mechanism encountered here is accompanied by a decrease 
of the area entropy of the black hole suggests indeed that it is operative in 
retrieving the information from the evaporating black hole. 
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